We consider a model of d fermions where creation and annihilation operators of different fermions commute. We show that this particle algebra is invariant under an inhomogeneous quantum group.
Introduction
One of the important issues of physics is symmetries. Until the early eighties, it was thought that, when a classical system is quantized, its invariance group remains a classical group. However, in the eighties, it was recognized that when a completely integrable nonlinear system is quantized, its classical group may change into a quantum group [1] [2] [3] [4] .
Since the method of derivation of a quantum group from a group is to make deformations on it, almost all examples of quantum groups considered in physics have been deformations of ordinary groups depending on one or more parameters. However, one can build up a matrix whose elements satisfy Hopf algebra axioms just as the quantum groups which are derived from ordinary groups. In this paper we use the term " invariance quantum group" to describe a Hopf algebra such that the commuting fermion algebra forms a right module of the Hopf algebra.
One of the fundamental systems in quantum physics is the fermion algebra. Normally the creation (or annihilation) operators for two different fermion states are taken to be anticommuting. However, this is not necessary. As long as a single fermion creation (or annihilation) operator is taken to satisfy c 2 i = c * 2 i = 0 the Pauli exclusion principle is satisfied.
There is a simple relation between Heisenberg spin algebra and commuting fermions. In order to define spin operators at different sites, we should define creation and annihilation operators acting at these different sites. This necessity gives us discrete degrees of freedom and in this case fermions can be taken to be commuting. We should note that commuting fermion algebra can not be defined for continuous degrees of freedom, because it prevents the construction of a proper field theory.
In this paper, we will show that there is an invariance quantum group for commuting fermions. We note that integrable closed spin 1/2 XXZ model is invariant under the quantum group U q (sl (2) ) and open spin 1/2 XXZ model is invariant under the quantum group U q (su(2)) [5, 6] . These quantum groups are used to solve these integrable models. The invariance quantum group of commuting fermions we will consider in this paper is different from these quantum groups but is related to color supergroups of Rittenberg and Wyler [7, 8] .
The Quantum Invariance Group of Commuting Fermions
Fermions can be described in terms of creation and annihilation operators.
⊗1 ⊗ · · · ⊗ 1 are called commuting fermions. For standard fermions σ ij = 1, whereas for commuting fermions:
When i = j in (1) c 2 i = 0, c * 2 i = 0. Quantum groups are generalizations of the fundamental symmetry concepts of classical Lie groups and Lie algebras [9] . So quantum groups play an important role in carrying classical properties to the quantum structure. The standard fermion algebra has an inhomogeneous invariant group FIO(2d,R), the fermionic inhomogeneous orthogonal quantum group [10] . Therefore it is natural to ask the question if there exists an inhomogeneous invariance quantum group for commuting fermions.
For the single fermion, d=1 case, a general inhomogeneous linear quantum transformation is defined by:
where α, β, γ and their hermitian conjugates belong to a Hopf Algebra A whose coproduct is given by the matrix multiplication rule [11] . For d> 1
Here d is the number of commuting fermions. When we use (5) and (6) in Equations (1) and (2) we get the relations:
with the constraints:
Also, the hermitian conjugates of the relations and the constraints are valid. We look for a Hopf algebra such that under this transformation commuting fermion algebra remains invariant. In order to do this one should first check the coproduct. The transformation matrix T is given in terms of sub-matrices by
Here the matrices α = (α ij ),
and Γ is 2d×1. We want the elements of the matrix T to belong to a Hopf algebra A where the coproduct is given by a matrix multiplication
The coproduct should preserve the relations (7-16) and the constraints (17-18). Now we show the coproduct of some relations as an example.
Then using equations (7), (9) and (13) one can easily see that
Another example is
Then using equations (7), (9), (11), (12), (13), (15) and (16) one can easily see that
The most difficult example is the coproduct of equation (17). We should check the coproduct.
Then using the necessary relations one can get
(36) Using equations (17), (18) and their complex conjugates, one can get
(37) By arranging the terms it can be written as
(38) and finally
The counit is
and the antipode is
However, as all the elements of matrix A do not commute with each other, the ordinary inverse and determinant rules can not be used. In order to find A −1 , we should first state the determinant rule of matrix A. The determinant rule is given by [7] Det
This determinant can also be found by starting from the rule which has been constructed to calculate the determinant in GL p,q (d) [12] . In the ordinary determinant rule the sign factor is an tensor. Instead of an tensor in equation (42) Let us explain the term that is in the square bracket. As the square bracket comes from permutation we call it the permutation factor. For example set d=2, i 1 = 1, i 2 = 2, i 3 = 3 and i 4 = 4. For every α < β case there is not any i β < i α . Therefore the term which is in the square bracket is 1. If we take i 1 = 3, i 2 = 2, i 3 = 1 and i 4 = 4 for d=2, for α = 1 and β = 2, i 2 = 2 < i 1 = 3 the factor (−σ 21 ) appears. Then for α = 1 and β = 3, i 3 = 1 < i 1 = 3 the factor (−σ 11 ) appears. Moreover α = 2 and β = 3, i 3 = 1 < i 2 = 2, the factor (−σ 12 ) appears. We have to be careful about the indices of σ, because they should be written modulo d.
The proof that equation (42) is indeed the correct determinant is through calculation of the inverse by using it. Using the determinant rule (42) the inverse of A can be found.
Then Δ j i can be defined as
The sign factor C can be written as
Here the index α = 2, 3, .., 2d. As with the usual determinant rule the summation in (44) is over the indices j 2 , j 3 ... j 2d = j which are all different. The indices i 2 , i 3 ... i 2d = i which again are all different, are all kept fixed.
As the elements of the matrix T belong to a Hopf algebra, the coproducts, counit and antipode satisfy Hopf algebra axioms. Since a Hopf algebra is a quantum group we get a new quantum group. We may call this quantum group CoFI(2d,R): the commuting fermion inhomogeneous quantum group.
Also one can compare our transformation matrix T with the color supergroup structure [7, 8] . It can be seen that the structure of homogeneous part A of the transformation matrix T is the same as the color supergroup structure. Thus our work generalizes that of [7, 8] by including an inhomogeneous part for the transformation matrix T. However, although the homogeneous part of T has color supergroup structure, our transformation matrix T is a quantum group.
It is well known that commuting fermions can be transformed to anticommuting fermions through a Klein transformation, therefore one can look for a relation between FIO(2d,R) and CoFI(2d,R). FIO(2d) is a linear transformation on anticommuting fermions but the Klein transformation is nonlinear, and if a transformation on anticommuting fermions which are derived from commuting fermions is done, it can be easily seen that the transformation will be nonlinear. That means there are no relations between FIO(2d,R) and CoFI(2d,R).
In order to know whether the construction of CoFI(2d,R) has any meaning one should look at its representations. To find the representations of CoFI(2d), representations of Clifford Algebra which generate the spinor representation of SO(d + 1) [14] should be discussed. The generators of the Clifford Algebra satisfy anticommutation relations:
The above equation means that Γ 2 i = 1 and Γ i Γ j = −Γ j Γ i . Note that one can also write
which is useful for our situation. As is well known the Γ i can be represented by 2
] matrices. Using the spinor representations one can write the representations of CoFI(2d) as:
Here the coefficients, A ij , B ij , C i , are complex numbers. They should satisfy the relations:
so that (17,18) are also satisfied in addition to (7-16) which are satisfied due to (47). To check the representations we should give some examples. For equation (7) the left hand side can be written:
Now by arranging the terms one can get
Then using equation (47) it can be seen that
so one can see that equation (7) is satisfied. Another example is equation (9):
By following the previous steps it can be seen that
In the next example we check equation (11):
Using Γ i Γ d+1 = −Γ d+1 Γ i and our usual procedure one can get
Example
Now we should explain our results for an explicit example. Taking d = 1 we look at the commutation relations, coproduct, determinant, inverse and representations. For d = 1 case the transformed creation and annihilation operators are;
The transformation matrix is
The commutation relations are:
and their hermitian conjugates. The constraints can be written as:
Now we should look at the coproducts of the relations and the constraints. The coproducts involving α, β and γ should be found. For this example the coproducts are;
The coproduct must satisfy the relations and the constraints. To show this we look at the coproduct of some relations as an example.
= αα
using the commutation relations one can get the following equality;
and finally it can be easily seen that
Another example:
The last example concerns the coproduct of the constraints.
then using the commutation relations and the constraints one can write
and finally
Now we should look at the antipode. From equation (42) we can find the determinant:
Now the cofactor terms Δ
and the sign factor can be found from equation (45) with C = 1. Finally Δ
Then the final cofactor is:
The inverse can be written as:
So
Since all elements of the matrix A is commute among themselves the matrix inverse can also be found via the ordinary inverse rule. The last point is representations. In our example one can write the representations as
where A, B and C are complex numbers satisfying
Conclusion
In quantum field theory, particle algebras are important. They carry the physical properties of bosons and fermions. The theory fundamentally depends on bosonic and fermionic algebras. The creation (or annihilation) operators for two different fermion states are taken to be anti-commuting. However this may not be necessary. The operators for two different fermion states can be taken to be commuting and in this case the algebra is called the commuting fermion algebra. For this algebra we have shown that there is an inhomogeneous quantum invariance group which we have called CoFI(2d,R), the commuting fermion inhomogeneous quantum group.
The important point is that CoFI(2d,R) does not have a q-deformation parameter. Other examples of quantum groups which do not contain a deformation parameter are FIO(2d,R) and U G (d + 1) [15] . Another thing is the homogeneous part of the transformation matrix has color supergroup structure and one can see that color supergroups are generalizations of the Lie supergroup and that they satisfy Hopf Algebra axioms. Also, since FIO(2d,R) is a linear transformation the elements of FIO(2d,R) cannot be written in terms of the elements of CoFI(2d,R).
As there is a relation between Heisenberg spin algebra and commuting fermions, one can use CoFI(2d) to leave the Heisenberg spin algebra invariant. However, for Heisenberg spin algebra, the inhomogeneous invariance quantum group is more general than CoFI(2d). This means CoFI(2d) is a subgroup of the invariance quantum group of the Heisenberg spin algebra. Since Heisenberg spins are used to construct spin chains, one can look at whether CoFI(2d) can be used to leave spin chains invariant. Also, by choosing the elements of CoFI(2d) properly it may be possible to transform a spin chain into another one.
In conclusion, the quantum group CoFI(2d,R) possesses many interesting properties is worth further study.
